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In this paper we define the covers of a module and describe some of their applications.
Introduction.
Let R be a commutative ring and A an iϊ-module. A cover of A is denned to be a subset T of Max(i?) satisfying that for any x G A, x^O, there is M G T such that 0 :R X C M. If we denote by J the intersection of all the maximal ideals belonging to T and suppose that A φ 0 is finitely generated, then we have JA φ A. This generalises the Nakayama's lemma; if, in addition, R is oo Noetherian, then Π J n A -0. This is a generalization of a well-known result.
n=l A key observation for the covers is that, in the case that R is Noetherian and A is finitely generated, there is a cover T of A which is itself a finite set. From this we have the following result: Let R be a Noetherian ring. Jacobson radicals. Using this result we can embed the Noetherian ring R in the J-adic completion R of iΐ, which is a complete semi-local Noetherian ring; besides, if R is a Cohen-Macaulay (C-M for short) ring, then R is a C-M ring. We also use the covers to deal with the maximal component of a finitely generated module over a Noetherian ring, which was introduced by Matlis in [3] . Throughout the paper, R will denote a (non-trivial) commutative ring with identity. Also, if T is a subset of Max(i?) we denote by ΠT (resp. UT) the intersection (resp. union) of all the maximal ideals belonging to Γ.
The covers.
In this section we define the covers of a module and generalise some known results.
Definition.
Let A be an iϊ-module. A subset T of Max(i?) is called a cover of A if for any x G A, x^O, there is M G T such that O^xC M.
Clearly, if T is a cover of A and B is a submodule of A, then T is a cover of B. If T is a cover of iandTCT'C Max(iϊ), then V is a cover of A. We say that T is a finite cover of A, or A has a finite cover Γ, if Γ is a cover of A and Γ is itself a finite set. If Γ is a cover of A, we also say that Γ covers A. Let i? be a Noetherian ring and ^4 a finitely generated iϊ-module. We know that Ass(A) is a finite set. Let Ass(Λ) = {Pi,... , P n } Choose a finite subset Γ of Max(i?) in such a way that for any P <? there is M { E Γ such that P% Q M{. Since for any x E A, x φ 0, there is Pj such that 0 : R x C P u it follows that Γ is a finite cover of A. Hence finite covers exist for any finitely generated module over a Noetherian ring. In particular, any Noetherian ring (as a module over itself) has finite covers.
As a consequence of the above remarks and Proposition 2.4 we have the following theorem. It is clear that if R is a Noetherian ring and A is a finitely generated i?-module, then for any cover T of A we have T D Ass(A) Π Max(iZ).
In general, if T is a cover of the module A and B is a submodule of A, Γ is not a cover of A/B. For example, if T is a cover of the ring R and T φ Max(i2), then for any M E Max(β) -T, T is not a cover of R/M. 
Proposition 2.7. Lei R be a Noetherian ring, A a finitely generated Rmodule, B a submodule of A, and T a finite cover of A. Then T is a cover of A/B if and only if B is a closed submodule of
The maximal component of a Noetherian module.
Throughout this section and the next section the ring R will be Noetherian and the modules will be finitely generated.
Let A be an iϊ-module and define X(A) = {x G A\ every prime ideal containing 0 :# x is maximal }. Then X{A) is a submodule of A. Matlis [3] called X{A) the maximal component of A. By [3, Corollary (3)], X(A) is the sum of all Artinian submodules of A, and hence is the largest Artinian submodule of A, since A is Noetherian. Further, X(A/X(A)) = 0.
Chatters [4] gave a similar discussion for Noetherian rings (not necessary to be commutative).
From [3, Corollary (1) ] and the fact that X(A) has finite length we have the following result. 
Corollary 3.4. Let A be a non-zero R-module and T a finite cover of A. Set J = ΠT. Then depj(A) > 0 if and only if X(A) = 0.
Let T = {Mi,... ,M n } be a finite cover of the i?-module A. We want to find the relations between X(A) and X(A Mi ), 1 < i < n. For any P G Spec(iϊ), if K is an i?p-submodule of A P , denote by K c the contradiction of K to A. We have (K C ) P = K. If B is a submodule of A, then (B P ) C = U (B : A r). It is also easily checked that if B is a submodule of A and K is an iϊp-submodule of B P , then (K c Π B) P = K. It follows that if B is an Artinian submodule of A, then B P is an Artinian submodule of A P . In particular, we have X(A) P C X(A P ). In the remainder of this section we consider modules over local rings. 
Lemma 3.6. Let (R,M) be a local ring (M is the unique maximal ideal of R) and A an R-module. If A is not Artinian, then dim(^L) = d'ιm(A/X(A)).
Proof. By the definitions of dim(A) and dim(A/X(A)) we need to show that rad(0 : R A) -rad(0 : R (A/X(A))). Clearly, we need only to show that 0 : R (A/X(A)) C rad(0 : R A). This follows from the fact that if
r E R such that rA C X(A), then rM s A C M S X(A) = 0
